INTRODUCTION

In [KN] Keynes and Newton showed that a compact affine extension is ergodic if and only if the maximal equicontinuous sub-extension is ergodic. Similarly, Zimmer [Z2]
showed that a compact nilmanifold extension is ergodic if and only its maximal toral sub-extension is ergodic. Both of these results say that some ergodic property holds for an extension once it holds for a certain sub-extension. In this paper we prove another result of the same type. We show that an ergodic compact group extension is weakly mixing if and only if its maximal abelian sub-extension is weakly mixing. This reduces the question of weak mixing for group extensions to the case of abelian group extensions, where necessary and sufficient conditions are already well known (cf. [JP] ). Conditions for weak mixing are important because weak mixing is the key hypothesis for a large number of theorems which state that if T has a certain strong mixing property and T is a weakly mixing group extension of T, then T also has the strong mixing property. Such theorems are known as lifting theorems, and hold, for example, for mixing, multiple mixing [Rut], the K-property [JP] , and the Bernoulli property [Ru2].
Let T be an ergodic measure preserving transformation on a Lebesgue probability space (X, ui). Let G be a compact metric group with Haar measure y. Let 4)(X, G) denote the set of all measurable maps q: X -* G. For 0 E ?(X, G) we consider the compact group extension, or G extension T of T (1) T(x, g) = (Tx, q(x)g),
where (x, g) E (X, i) = (X x G, ,u x y) . The function 0 is called the cocycle for the extension. When G is abelian we call T an abelian extension. It is well known that an extension T is ergodic if and only if T is ergodic and the essential range of 0 is G (cf.
[Z1]). Another characterization of ergodicity in the abelian case is given in Lemma 1 below. An obvious necessary condition for weak mixing in T is for T to be weakly mixing. A transformation fails to be weakly mixing if and only if it has a nontrivial factor with discrete spectrum, and there is a unique maximal factor of this type. We say that T is a continuous extension of T if T and T have the same maximal discrete spectrum factor. An extension T is weakly mixing if and only if it is a continuous extension of a weakly mixing transformation T.
THE MAXIMAL ABELIAN SUB-EXTENSION
Given a G extension T of T, let Rh, h E G, denote the natural right action of G on X, Mh(x, g) =(x, gh-'). If K is a closed normal subgroup of G, then K acts on X by restricting Rh to K. Let (XK, I'K) = (Xx G/K, /I X YG/K ) denote the factor of (X, ji) mod the orbits of K, where YG/K is Haar measure on G/K. Let TK denote the induced factor transformation In particular, the projection 9j k to i, k is simply Pj, k applied to f(x, g) viewed as a function of g E G for y a.e. x E X. The decomposition (4) has the property that for any j, the restriction of UT to j, k and to Xi, k are unitarily equivalent [RI] . 
For a closed normal subgroup K of G, G/K is abelian if and only if [G, G] C K, and if G/K is abelian then there exists a closed subgroup J C G/[G, G] with G/K isomorphic to (G/[G, G])/J. Thus the 1-dimensional representations of G correspond to the irreducible representations of G/[G, G].
We may assume in (3) that H1, 1 corresponds to the trivial representation, and that there exists to > 1 such that dj = 1 for all j < to and dj > 1 for to < j < t. (8) is a special case of (6), we have (7), so that TK is isomorphic T x Eh, where oh is the left rotation by h on G/K. It follows that Eh is a factor of TK. Since T is ergodic, Eoh is ergodic, and thus uniquely ergodic, so that the subgroup F = hI: n E Z} is dense in G/K .
Lemma 1. Let G be abelian and suppose T is a G extension of T. (1) If T is ergodic then T is ergodic if and only if 0 is not a coboundary mod any X E FG. (2) If T is ergodic, then A is an eigenvalue of T which is not an eigenvalue of T if and only if 0 is cohomologous to A mod X for some X E rG. (3) In particular, if T is weakly mixing then T is weakly mixing if and only if q is not an almost coboundary mod any X E FG .
Proof of Theorem 2. It follows from Theorem 1 that (i)-(iv) are equivalent. For any h E G/[G, G], Rh o T is an abelian extension: (,Wh ? T)(x, g) = (Tx, q(x)h-1g). It follows from Lemma 1 that Rh ? T is ergodic if and only if 0q(x) * h -1 is not a coboundary mod any x E JG/(G,
G
Since F is abelian, G/K must be abelian, and so [G, G] C K. Let J be the closed subgroup of G/[G, G] such that (G/[G, G])/J is isomorphic to G/K.
Then X E FG/(G, G] vanishes on K if and only if it vanishes on J. Thus there exists X such that K C ker(X). It follows that q is an almost coboundary mod X, which implies not (v). fl
Let G be a group such that for any closed normal subgroup K, G/K is nonabelian. Equivalently [G, G] = G. We say G has no abelian factors. In particular, any simple nonabelian group G (e.g. A5 ) has no abelian factors.
Corollary 1. Suppose G has no abelian factors. Let T be a G extension of T and suppose T is weakly mixing. If T is ergodic then T is weakly mixing.
For example, since the Bernoulli property satisfies a lifting theorem (cf. ? 1), Corollary 1 shows that any ergodic A5 extension T of a Bernoulli shift must be Bernoulli.
Corollary 2. Let T be ergodic and let T be a G extension of T. Then T is a continuous extension of T if and only if the cocycle q$ is not cohomologous to a
constant mod any X E G. Comment 1. Suppose T is weakly mixing and that 0 is a an almost coboundary mod K. for all X E rG. It is easy to see in this case that q is an almost coboundary since T is isomorphic to a product of T and a rotation. However, if T is not weakly mixing the situation can be completely different, as the following example shows. Let T be the rotation on the circle by 4ira, where a is irrational, and let T be rotation by 2ira. Then T is isomorphic to a Z/2 extension of T, and T has new eigenvalues An -e27zina for n odd. By part (2) of Lemma 1, q is an almost coboundary mod x(k) = (_l)k.
However, q is not cohomologous to any constant. Indeed, the only possible constants are 1 or -1 . But q$ is not cohomologous to 1 since T is ergodic, and 0 is not cohomologous to -1, since that would imply A = -1 is an eigenvalue, contradicting the irrationality of a. 
